A computational constitutive model is presented to predict matrix cracking evolution in laminates under in-plane loading. Transverse cracks are treated as separate discontinuities in the micro-model that provides damage parameters for the macro-model. Both micro-and macro-models are implemented using finite element analysis, specifically, ANSYS, to avoid limitation of analytical micro-modeling. The computational cost of the micro-model is limited to constructing a database of micro-model predictions a priori. The macro-model is simply a finite element analysis discretization of the structure using plane stress or shell elements in ANSYS. The macro-model queries the database, which effectively becomes a constitutive model. The damage surfaces in the database are obtained from the results of large number of finite element micro-scale (unit-cell) analyses. The proposed procedure is implemented in ANSYS as a usermaterial subroutine for transverse crack initiation and propagation in symmetric cross-ply and [0 r /(y / Ày) s /0 n ] s laminates under in-plane loads. This method is also examined to study matrix crack evolution in tensile specimen with open hole, and the results found to be in good agreement with available experimental data.
Introduction
Damage analyses of composite laminates have been performed from nano-to macro-scales. In the macroscale analysis, effective homogenized material properties are used by the structural software (e.g. ANSYS) to find the deformations that are in equilibrium with the external loads, as well as prediction of damage progression and final failure. In the micro-scale analysis, cracks are modeled as explicit discontinuities to predict the crack density, stiffness, and stress that are compatible with the strain imposed by the macro-analysis at each Gauss point. Failure theories such as LaRC, Puck, Hashin, etc. can predict damage onset but are not able to track the evolution of damage. Continuum damage mechanics (CDM) has been employed by many researchers for progressive damage analyses of composite laminates, as reviewed by Liu and Zheng. 1 However, the use of CDM alone requires additional material testing to adjust the empirical evolutions laws. On the contrary, discrete fracture mechanics micro-models, such as those given in the literature 2, 3 and the currently proposed one, do not use empirical evolution laws; the evolution is predicted by the model itself. Unlike the model proposed by Barbero and Cortes 2 which implements an analytical solution at the micro-scale, the model proposed in this paper is based on finite element analysis (FEA), but unlike coupled micro-macro FEA models, the proposed formulation performs the micro-model analyses a priori to train a database (DB), which is later queried by the macro-model. Populating the DB can be automated, and it is done a priori, once and for all. 4 This results in versatility and simplicity. Versatility is achieved because virtually unlimited configurations of damage modes can be analyzed by the micro-model due to the versatility of FEM itself. Simplicity accrues from the fact that the macro-model is a regular FEA discretization using commercially available software that, according to the proposed formulation, is able to query the DB to get the constitutive response.
Matrix cracking is often the first form of damage that occurs in composite laminates and its density usually increases up to a saturation state. Apart from stiffness reduction and accelerating the final failure, matrix cracking can cause other serious damages such as delamination and structure malfunction like leakage in pressure vessels. The stiffness reduction caused by matrix cracking has been studied by several analytical methods, and has been already developed for prediction of these effects. A variational approach for cross-ply laminates is presented by Hashin 5 and is extended for thermal effects and angle-ply laminates. [6] [7] [8] [9] The finite element method (FEM) has been also used to predict matrix crack formation as well as to find the stress distributions in the presence of micro-cracks by contributing the cohesive zone model. [10] [11] [12] Compared with analytical methods, finite element (FE)-based micromechanics models are not restricted to particular loading, boundary conditions, and geometry of the cracked region; for instance, matrix cracking at the free edges of tensile samples has been studied 13 using this approach. However, these micromechanics models are considerably more time-consuming, and thus more difficult to implement in a coupled micro-/macro-model where the micro-model is executed at every Gauss point and every iteration.
Existing analytical micromechanical models are restricted to simple loading conditions and geometries, but the excellent predictions achieved by these models make them worthy. An engineer prefers methods which are simple and robust. In these approaches, damage characterization and damage evolution are usually performed at different scales. Usually, the micro-scale is homogenized for the macro-model to use it in a CDM approach. Multiscale methods have the advantages of both micro and macromechanics methods. Micro-macro and micro-meso are two well-known categories in multiscale approaches. Meso modeling, which is defined at ply level, is presented in literature. 14, 15 A multiscale model for matrix crack evolution in composite laminates is shown in literature, [16] [17] [18] where the material is described by means of two levels of layer and interface. In literature, [16] [17] [18] the degraded material properties are represented as CDM to the macro FEA model, which finds the structural response of laminates under in-plane loading condition. 19 A damage model using shear-lag approach in the micro-scale (unit-cell containing matrix cracks) was developed and implemented into discrete constitutive law at integration points of a formulated shell element in macro-model. 2, 20, 21 Using this approach, it is possible to perform damage analyses for laminates containing discontinuities. 22 Synergistic damage mechanics merging crack opening displacement (COD) method and CDM is presented in literature. 23, 24 A model for cross-ply laminates based on the stress transfer method is presented by Sadeghi et al., 25 for general symmetric laminates under tensile/shear load embedded into a shell element using layer-wise theory and damage constitutive law. 26 The primary goal of this manuscript is to present a multiscale constitutive model where both micro-and macro-level are based on the FE analysis. This will eliminate the need for analytical solutions in the micro-scale analysis and will provide a generalized modeling approach in terms of boundary conditions and complicated configurations which is an important limitation in models based on analytical approaches. In most of the existing progressive matrix cracking methods, the damage evolution process consists of analytical methods restricted for certain types of damage, boundary conditions, and loading. In this paper, a new FEbased micro-macro method is presented for predicting matrix crack damage evolution in composite laminates. Both the micro-and macro-models are based on FEA, but without running both models concurrently. Since the proposed model does not require analytical formulations and preventing repeated recalculation of the micro-model for each Gauss point and iteration makes the proposed method robust and a simple. Furthermore, both developed model and available experimental observations are examined in the room temperature. Thus, thermal residual stress which is a dominant factor in the critical strain energy release rate and consequently the matrix cracks initiation is taken into account in the model.
To demonstrate the proposed method, the response of different laminates subjected to in-plane loading is predicted and compared with experiment results. Predictions are in good agreement with available experimental data. Moreover, the capability of this method for more complicated geometry is shown by predicting matrix crack evolution in a composite plate with open hole under tension (OHT).
Micro-model
The micro-scale model characterizes damage in a nonhomogenized domain. The domain is discretized using layered SHELL99 elements in ANSYS. The results are stored in a DB of parameters as a function of materials properties (E 1 , E 2 , G 12 , v 12 ) and crack density . Stress hardening and softening behavior due to matrix cracking are predicted by the micro-model as a function of crack density. The internal parameters, which are calculated a priori by the micro-model, are: strain energy release rate G m , longitudinal stiffness E eff and Poisson's ratio eff . They are stored in the DB in normalized form. The constitutive law for the damaged laminate can be recreated using these previously computed parameters, whenever the macro-model requires it.
To calculate the internal parameters, stress-strain distributions in a properly defined unit-cell or a representative volume element are obtained. The unit-cell is representative of the laminate containing matrix cracking in damaged layers ( Figure 1 ). FE unit-cell models are developed to find the stress distribution and internal parameters as a function of crack density. Unit-cells are analyzed under in-plane and load control conditions.
The micromechanical unit-cell is a 2D discretized model ( Figure 2 ). The parameters are obtained from the linear elastic analyses of 2D models with various lengths, where the length L of the unit-cell is related to the crack density by ¼ 1/L. Due to symmetry conditions, half of the unit-cell is modeled in the x-z plane ( Figure 2 ), using layered SHELL99 elements in ANSYS.
While modeling matrix cracks in a damaged layer ( n ), other layers are assumed to be undamaged. The external load is applied to undamaged layers. Damaged layers are free from loading and constraints at the crack faces.
Mesh sensitivity analyses were performed, and it showed that using four to six elements in the thickness direction of each layer leads to acceptable results.
Considering the concept of discrete fracture mechanics, 2 the strain energy release rate can be defined as follows
where U is strain energy of the unit-cell, W is the external work, and A is the area of the crack face, which is formed at the specified crack density. To calculate the value of G m , a 2D unit-cell subjected to in-plane loading is analyzed using FEA. For this purpose, the following steps are performed. A unit-cell with the length of L and crack density of 1/L subjected to tension loading x is considered (Figure 2(a) ). The strain energy U(L) and external work W(L) are calculated for crack spacing L. The unit-cell coordinate system is defined in a way that the fibers of the cracked layer are always perpendicular to the x-z plane. For example, if matrix cracks are investigated in the y lamina of a [0 m /y n ] s laminate, the unit-cell staking sequence is [(90 À y) m /90 n ] s in the unitcell coordinate system.
The same unit-cell but with an internal matrix crack (crack density 2/L, Figure 2 (b)) subjected to the same loading is considered to calculate U(2L) and W(2L). Then, the ERR value G m is calculated using equation (1).
This procedure is repeated for various unit-cells with different length (crack density) to calculate the values of G m as a function of crack density.
Micrographs of matrix cracks can be seen in Figure 3 (a), for cross-ply laminates. The unit-cell deformation and stress contour are shown in Figure 3 (b), where it is clear that the longitudinal stress is not only a function of x direction, but it is also a function of z direction too.
To calculate the stiffness reduction of the laminates due to the matrix cracking, two simple approaches can be used. A 1D stress-strain relation (strain-based)
or a 1D energy balance (energy-based)
where L, W and B are the length, width, and thickness of the laminate, respectively. It will be shown in Results and discussion section that the energy-based method results are in better agreement with the experimental results. Therefore, the energy-based method is used to calculate the stiffness reduction in the following sections of this paper. Another effect of matrix cracks on the mechanical properties of laminates is the reduction of Poisson's ratio. Increasing crack density results in decreasing of Poisson's ratio. Several investigations have been performed to study the effects of matrix cracking on reduction of Poisson's ratio. 20, 23, 28, 29 For this purpose, an FE unit-cell is defined to calculate the reduction of Poisson's ratio as shown in Figure 4 , and the effective Poisson's ratio is calculated as
where avg (u z ) is the average of displacement in the thickness direction at the interface between undamaged and damaged layers (red solid line in Figure 4 .), t 1 is half of the thickness of damaged layers and x is the strain applied to the undamaged layers ( Figure 4) . Several investigations performed by the authors showed that this definition gives good results for Poisson's ratio in the cracked unit-cell. Moreover, this definition is in coincidence with the definition of the Poisson's ratio. The normalized strain energy release rate is defined as 6
where C 3 is defined as
and t 2 is the thickness of the undamaged layer.
The parameters g m (), E eff ()/E 0 , eff ()/ 0 are stored in the DB in normalized form, where E 0 , 0, are the longitudinal modulus and major Poisson's ratio of the virgin materials, assumed to have an initial crack density ¼ 0.01 [1/mm], which represents the defects existing in the virgin material. Normalized strain energy release rate, overall stiffness reduction, and Poisson's ratio versus crack density are shown in Figure 5 for several Glass/Epoxy and Carbon/Epoxy cross-ply laminates with material properties given in Table 1 .
The key important observation for this section is that the parameters are easy to calculate a priori for general laminates as a function of crack density.
Macro-model CDM model
When the strain reaches a critical value (damage onset), matrix cracks initiate in the most vulnerable ply. By increasing the applied load, the crack density increases and causes stiffness reduction in the laminate. Therefore, the macro-model is confronted with nonlinear constitutive behavior. In the CDM approach, the stress-strain relation for such laminate can be presented as
and D is the damage tensor, T is the coordinate transformation matrix, and " Q is the undamaged stiffness matrix. The damage tensor is defined as
For undamaged in plane stress condition, the " Q matrix can be calculated from
For example, the stress-strain relation equation (7) of 90 layers is calculated according to 
Therefore, the degraded Poisson's ratios are calculated as follows
where d E , d v are the damage parameters representing stiffness and Poisson's ratio reduction, respectively. They are formally defined as
It should be noted that, in this approach damage parameters are directly applied to the material properties.
Thus, damage tensor is not defined independently, and it is merged into the stiffness matrix. Moreover, damage parameter in lamina embedded in a laminates never reaches 1. Because, even very densely cracked layers still contribute in load carrying and their effective stiffness cannot be completely ignored. In other word, the assumption d < 1 is only upper limit and does not necessarily means that d becomes eventually 1. Having the damage parameters, the stress components are calculated in the macro modeling. For this purpose, a damage surface is required to find an equilibrium condition for the structure under loading. 
Damage surface
At this point, an evolution law to describe the evolution of damage is necessary. As explained in the previous sections, micromechanics approaches have the capability to obtain the strain energy release rate and reduced stiffness as a function of crack density. 2 In the present study, the evolution of the damage state is predicted by comparing the obtained strain energy release rate with the fracture toughness. Therefore, a damage surface is defined such that initiation damage does not occur as long as
where G Ic is critical strain energy release rate in mode-I fracture and f m is the damage surface. Crack density is the only parameter that is transferred from the macro-model to the micro-model. Then, the stiffness and Poisson's ratio reduction (d E and d v ) are returned from the micro-to the macromodel. At each crack density, the values of d E and d v are calculated using equations (13) and (14) from the results of the micro-model. A procedure to find the crack density at each loading step is needed. The value of G m for each crack density is a function of unit-cell remote stress rem , which is a function of the damage value. Therefore, the damage surface behaves nonlinearly, and a return mapping algorithm (RMA) is required.
At each loading step, the crack density c is obtained such that G ¼ G c with updated values of d E , d v , and stress field. Having c , the updated damage parameters (d E and d v ) can be obtained from the micro-data DB.
For this purpose, an ANSYS usermaterial routine has been developed to calculate the value of crack density and damage at each Gauss point of damaged layers and at each loading step. A flow chart is shown in Figure 6 .
The structural analysis program (ANSYS) interacts with the usermaterial as follows. The main input to the usermaterial is the strain ". The output is the tangent stiffness of the material dC/dE and the stress ("). The crack density is stored as a stable variable for each Gauss point to remember the state of damage at the point. Therefore, the usermaterial is a numerical constitutive model for ("), and dC/dE.
The objective of the damage evolution algorithm is to find the value of that results in a value of degraded stiffness tensor C() such that is in equilibrium at the Gauss point. Since f() in equation (15) must be semidefinite negative (cannot be f > 0 under no circumstance), an RMA is used to find Á iteratively, until f 0. 2 About 100 elastic analyses on a cracked unit-cell were performed for various unit-cell lengths (crack densities). The results of these micromechanics analyses (normalized strain energy release rate, normalized stiffness reduction, and normalized Poisson's ratio versus crack density) are stored as a DB curves. This means that the micromechanics model is reduced to an interpolation procedure between the micromechanics data. The number of available data points in the micromechanics DB may affect the convergence of the macro results. Stress versus strain are shown in Figure 7 for two micromechanics DBs containing 50 and 100 points for 0 < < 1.0. No oscillations were observed when using 100 data points, but oscillations were observed using 50 data points as shown.
Results and discussion
To verify the proposed model, predicted stiffness and matrix crack evolution are compared with several available experimental data and numerical results. Material properties are shown in Table 2 . An initial crack density ¼ 0.01 was used for all models.
Comparison of the predicted stiffness versus crack density is shown in Figure 8 using both strain-based (equation 2) and energy-based (equation 3) definitions, with experimental results for a [0/90 3 ] s Glass/Epoxy laminate with material properties given in Table 2 . 30 It can be seen that the energy-based method is more accurate. Therefore, the energy-based method is used for predicting the stiffness in this study.
Predicted normalized Poisson's ratio versus crack density is compared in Figure 9 with the available experimental 23 and numerical results, 20 with material properties given in Table 2 . 32 It is observed that the predicted Poisson's ratio reductions in this study are in good agreement with the experimental results, and they are more conservative than those predicted by the method presented by Barbero et al. 20 In other word, the proposed model for prediction of Poisson's ratio gives the lower bound of the results.
Predicted stiffness reduction and crack density versus remote stress are compared with the available experimental results in Figure 10 for [0/90 3 ] s Glass/ Epoxy laminate for material properties given in Table 2 . 30 The predicted elastic moduli are in acceptable agreement with the experimental data. It should be noted that, considering initial crack density, the normalized stiffness reduction would not initiate from 1.0. In other word, it is assumed that the laminate has an initial damage in accordance with the initial crack density. Thus, at the first load step, damage does not grow till the strain energy release rate reaches the critical strain energy release rate (G Ic ). The capability of this method for matrix cracking of Carbon/Epoxy laminates is also examined. Predicted normalized stiffness versus crack density is compared with available experimental data for several AS4-3502 Carbon/Epoxy cross-ply laminates (with material properties given in Table 2 ) in Figure 11 . The obtained good agreements between predicted and experimental data are shown. Comparison of the results in Figures 10 and 11 , it is indicated that the matrix crack saturation will occur at larger crack density in Carbon/Epoxy laminates rather than Glass/Epoxy. In contrast, Carbon/Epoxy laminates experience lower stiffness reduction, because the ratio of E 2 /E 1 is relatively very small.
Normalized stiffness versus applied strain for a [0 2 /90 4 ] s Glass/Epoxy laminate with material properties given in Table 2 32 are compared with experimental data and reference 20 in Figure 12 . It is observed that the developed model predicts more stiffness reduction at the beginning of the damage development in comparison with the experimental results. It means that the model predicts more conservative stiffness reduction.
Crack density growth in [0/þy/Ày/0 1/2 ] s laminates is also predicted for Glass/Epoxy laminates. Figures 13 to  15 show the crack density versus applied strain for [0/ 90 8 /0 1/2 ] s , [0/þ70 4 /À70 4 /0 1/2 ] s and [0/55 4 /À55 4 /0 1/2 ] s laminates, respectively. For the same material, the predicted results are in good agreement with the numerical 21 and experimental results. It is evident that crack density is initiated at higher applied strain for [0/55 4 /À55 4 /0 1/2 ] s laminate. Similarly, saturation has occurred at higher applied strains for this laminate. Predicted stiffness, Poisson's ratio, and matrix crack evolution using the presented approach are in good agreement with available experimental data for various cross-ply laminates in Figures 8 to 15 .
Next, the capability of the proposed model for progressive damage analyses of complex geometries is evaluated by predicting the matrix crack evolution for [90 2 /0 2 ] s CFRP laminate with OHT and comparing the results with the experimental observations. Figure 16 shows the specimen geometry of CFRP OHT with material properties given in Table 2 . 33 The specimen is 300 mm long, 36 mm wide, and the diameter of the hole is 6 mm.
For this purpose, ANSYS SHELL181 element and the developed usermaterial routine were used.
Matrix crack evolution at each integration point of the laminate was calculated, and the corresponding crack density was extracted. Figure 17(a) shows the experimental observation of the damage evolution around the hole. The split crack initiating from the edge of the hole at 0 plies is the first damage 33 . As the load increases, matrix cracks evolve in the 90 plies around the hole towards the outside of the plate. The proposed multiscale approach has been used to predict matrix cracking in the 90 and the split in the 0 layers. Because of the symmetric conditions, Figure 15 . Crack density versus applied strain for [0/þ55 4 / À55 4 /0 1/2 ] s Glass/Epoxy. 21, 32 20, 32 only a quarter of the OHT is modeled. Figure 17(b) shows the predicted matrix crack density in 90 plies at the load 560 MPa where the matrix cracking has been saturated. As can be seen, the pattern of the matrix crack growth in the developed model is in good agreement with the experimental results. Moreover, the obtained damage corresponding to the split in 0 plies is shown in Figure 17(c) . It should be noted that, the proposed multiscale damage model is a continuum damage model to predict the average stiffness reduction due to multiple cracks in composite laminates, and it is not theoretically designed for predicting the split. Thus, an intensely damaged area rather than a single discontinuous crack has been predicted by the model. The simulated damage pattern in both 90 and 0 layers are similar to the X-ray experimental results and it is evident that this model is able to predict the split cracks growth in 0 plies and matrix cracks in 90 plies in more complex structures.
Conclusions
A simple micro-macro FE-based procedure was developed for progressive matrix crack analyses of laminates. Using this method, it is not necessary to execute a complex micromechanics model coupled with the macro-model. The macro-model obtains the constitutive response from the micro-model using a simple interpolation of the micro-data obtained earlier from a parametric FEA of a unit-cell, with crack density as the only parameter. The procedure was integrated within ANSYS software.
Predicted stiffness and Poisson's ratio of the damaged laminates are in good agreement with available experimental data for several laminates, indicating that the proposed method is effective and reliable for progressive damage analyses of such laminates. Furthermore, the capability of the model for complex stress state is examined with the damage growth analysis of OHT and comparing the result with the experimental observations. Future work entails developing unit-cells for cracks in angle-ply and other configurations, to use the micromodel to store the associated parameter DB, and to use the DB to exercise the macro-model with complex laminates and loading conditions. Furthermore, exercise those unit-cells with ¼ 0, ÁT ¼ 1 in order to use the macro-model to calculate coefficients of thermal expansion (CTE). Figure 16 . Open hole tension specimen geometry. 33 A drawback of the proposed method is that the DB must be populated for every material system and LSS anticipated to be used in practice. This problem is not as severe as it seems, because at least in the Aircraft industry, the number of certified material systems are limited to a few. Also, ply thicknesses are quite consistent in the industry, and LSS choices are limited by availability of ''building block'' experimental data. Furthermore, populating the DB can be automated, and it is done a priori, once and for all.
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